The best form of analysis of data on radio recombination lines from H II regions is shown to require inclusion of both non-LTE effects and highly concentrated clumping. The principal physical effect of clumping is to reduce considerably the line enhancements predicted by the non-LTE theory. Theoretically, all radio recombination lines emitted by the same mass of ionized gas should, within the error limits, be interpretable in terms of a single electron temperature.
I. INTRODUCTION
The theoretical interpretation of data on radio recombination lines emitted by H 11 regions is beset by two principal complications: deviations from local thermodynamic equilibrium (LTE) in the line-formation processes; and variations in electron temperature (T,) and electron concentration (N,) along a line of sight through an H 11 region.
The importance of these effects is difficult to evaluate by a discussion of observational data, because one deals with uncertainties both in the theory to be applied and in the data. The purpose of the present paper is to use a completely theoretical analysis to show the extent to which non-LTE and structure effects should be important. The method used involves three steps: (1) ionization and temperature variations are calculated under the assumption of an arbitrary density distribution for the line of sight through the center of a nebulae; (2) intensities in the continuum and several recombination lines (H94a, H109a, H126a, H158a, H1370, and H225y) are calculated from equations of radiative transfer by using the data on variations in T , and N, together with data on the non-LTE populations of the energy levels taken from Sejnowski and Hjellming (1969) ; and (3) calculated line and continuum intensities are then treated as if they were obtained as observational data and are subjected to both LTE and non-LTE analysis to determine temperature, which can then be compared with the actual average temperatures for the theoretical models. With this procedure there are no limitations due to errors inherent in observational data or lack of knowledge of the actual structure.
I t is shown that, although the LTE analysis gives approximately correct results for model nebulae with small emission measures (E 5 lo5 pc cmp6), for larger emission measures the non-LTE effects are very important; and, largely because of the non-LTE line enhancement a t the larger emission measures, the introduction of clumping into the models is essential in reducing the line enhancement to the strengths generally observed. I t is concluded that all analysis of data on radio recombination lines should be made with a non-LTE theory in which there are only three parameters for each line of sight: the electron temperature, the emission measure, and the average electron con-R. M. HJELLMING, M. H. ANDREWS, AND T. J. SEJNOWSRI Vol. 157 centration, (N,)E, obtained by averaging with a weighting according to the contribution to the emission measure. With this form of analysis, all radio recombination lines should, within the error limits inherent in the observational data and the theoretical assumptions, allow the determination of the same temperature, which will be close to (Te)E, the average temperature calculated with a weighting according to the contribution to the emission measure.
I n 5 I1 the formation of radio recombination lines is discussed. In 5 I11 the method of computation of ionization and temperature variations is presented, and in 5 IV the associated line and continuum intensities are calculated. The effects of different methods of determining temperatures from the line strengths are discussed in 5 V, and conclusions are presented in 5 VI.
FORMATION OF LINES AND CONTINUUM
If we consider a particular radio recombination line and denote quantities referring to the line by a subscript L and quantities referring to the adjacent continuum by a subscript C, then the brightness temperatures in the line and in the continuum, TL and Tc, are determined from the standard radiative-transfer solution (Chandraselhar 1960; Kraus 1966 ), giving and X2
where and I n these equations X is the wavelength, k is the Boltzmann constant, p is the mass density, j~ and jc are the mass emission coefficients in the line and in the continuum, respectively, and KL and KC are the associated mass absorption coefficients. Integrals are evaluated along a line of sight through the nebula from the far side, where s' = 0, to the near side, where s' = s. The quantities 71, and TC are the optical depths due to line and continuum processes, respectively. We neglect all background sources of radiation. Clearly, the emission and absorption coefficients used in equations (1)- (4) will determine the solution for the brightness temperatures. For the continuum coefficients we will use the expression given by Oster (1961) for free-free absorption: j c p can be derived from the equation for detailed balancing, j c = (2kT,/h2)~c. I n equation (S), Ni is the ion concentration, which we will consider to be equal to N,.
If one uses the standard theory of spectral-line formation (see Jeffries 1968) , one can show that, for transitions between a lower level of quantum number n and a higher level of quantum number m, the coefficients for a line formed in LTE are:
and where gm and g, are statistical weights (g, = 2n2 for hydrogen), A, , is the Einstein coefficient for spontaneous emission, hv is the energy difference involved in the m -+ n transition, and NnLTE is the LTE population of the level n, which is determined by the Eggert-Saha equation:
where h is Planclc's constant, me is the electron mass, and N(H 11) is the concentration of ionized hydrogen.
We will assume that all line broadening is due to the Doppler effect, so that where vL is the frequency at the center of the line and AVD is the Doppler width, which is related to the line width at half intensity, AVL, by and to the dispersion velocity, V, by where c is the speed of light. As has been shown by Goldberg (1966) , the non-LTE line coefficients can be expressed in terms of the b,'s, where b, = N~/(N~)LTE, SO that and where An = m -n. As was first pointed out by Goldberg (1966) , the quantity d(ln b,)/dn is of great importance in determining KL, since it is usually large enough so that KL is negative. In the calculations made in this paper, we will use the data on bn = b, (T,,N,) as calculated by Sejnowski and Hjellming (1969) for a range of values of T, and N,.l Because the absorption and emission coefficients are dependent upon T, and N,, the solution for TL and TC by equations (1) and (2) is dependent upon knowing T, and N, at all points along the line of sight. This is obtained from the calculations discussed in 8 111.
A recent paper by Dyson (1969) contains b, calculations which are in essential agreement with those obtained by Sejnowski and Hjellming (1969) ; the differences in the two sets of results are shown by Sejnowski and Hjellming (1969) to be caused by an error introduced by Dyson (1969) in an approximation in the so-called cascade term in the equations of statistical equilibrium.
COMPUTATION O F VARIATIONS OF T, AND N,
If it is assumed that the gas in an H 11 region is locally in a state of ionization and thermal equilibrium, then the state of ionization and the electron temperature depend only on the local values of the density and the Lyman-continuum radiation field (cf. Hjellming 1966 . Therefore, if one specifies the input radiation field of the Lyman continuum and chooses an arbitrary density distribution, one can calculate T, and N, a t every point in the nebula.
For the purposes of the present paper, we are interested only in the values of T, and N , along a line of sight through the center of a nebula. We will assume a particular density distribution which is symmetrical with respect to the center; in all, four different distributions are considered. I n what we will call the A series of models, one has where NH(R) is the hydrogen concentration a t a distance R from the center, N O is an arbitrarily chosen constant, and R, is the radius of the H 1 1 region. The constant N O is chosen to give particular values of the emission measure for the line of sight through the center of the nebula; if the emission measure is lo5 pc ~m -~, then the model is labeled AS; if it is lo6, then the model is labeled A6, etc.
I n order to introduce the effects of clumping in varying degrees, a simple model was assumed in which twenty clumps are placed a t equally spaced intervals along the line of sight and each clump was assumed to have the shape of a Gaussian. The resulting density distribution was superimposed upon a smooth density distribution so that
n=l where x = R/R,, Ax is a free parameter, x, = 0.1 n R/R, where n = 0, 1, . . . , 10, and the number 99 is a clumping amplitude representing cases where the density in the peak of a clump is 100 times the unclumped density. Three series of models with clumping are considered, with values of Ax = 0.012,0.006, and 0.002 for the B, C, and D series of models, respectively.
I n order to obtain theoretical models which will roughly correspond to the level of excitation of H 11 regions like W49, the stellar Lyman-continuum radiation will be taken to be that radiation provided by six massive stars assumed to be on the zero-age main sequence: one 60 Mo star, two 45 Mo stars, and three 30 Mo stars. The properties of the Lyman continuum for these stars are taken from Hjellming (19683) and are listed in Table 1 . Column (1) gives the mass of the star, column (2) gives the effective temperature, column (3) gives the radius, column (4) gives the total photon luminosity in the Lyman continuum, L,, and column (5) gives the fraction of L, which can ionize helium. With this set of exciting stars, the total stellar input of the Lyman continuum is 9.3 X photons sec-I, giving an excitation parameter for the model nebula of 134 pc ~r n -~, if the temperature used in the formula for the excitation parameter (Hjellming 19683 ) is taken to be 8000" K.
The diffuse radiation field of the Lyman continuum produced by recombinations of hydrogen and helium to the ground states should also be considered. Rubin (1968) carried out accurate computations showing that this radiation may be neglected near the center of an H 11 region, but in the outer regions the mean free paths of diffuse photons are short enough so that one can use the approximation that the intensity isj,/~,, where j, and K , are the mass emission and absorption coefficients for the diffuse radiation. Based upon the detailed calculations of Rubin (1968) , the following interpolation formula has been found to provide satisfactory representation for the effects of the diffuse field :
. i
where TI is the optical depth a t the Lyman limit.
With these specifications for the radiation fields and density distributions, the models were computed with the methods discussed by Hjellining (1966) , with collision-strength Table 2 . In this table column (1) contains the model designation and column (2) gives the emission measure, E (measured in pc ~m -~) .
One can define and The value of (N,),,, is given in column (3) of Table 2 , and the ratio (N,),Y/(N,),,~, is given in column (4). Averages of the temperature as defined by are presented in columns (5), (6), and (7), respectively. I t is clear that any measurement, in which the properties of the radiation field alone allow determination of Te or N,, will
give a result which is close to ( T e )~ or (Ne)z, as will be borne out by the results discussed in 0 V.
IV. LINE AND CONTINUUM INTENSITIES
The variations of T, and N, over the lines of sight through the centers of the model H 1 1 regions listed in Table 2 were used in conjunction with the equations of 0 I1 to calculate (TL/TC)LTE and TL/Tc for the centers of the following lines: H94a, H109a, H126a, H158a, H137/3, and H225y. In all calculations it was assumed that V / c = 6 X The results of the calculations are presented in Table 3 . Column (1) lists the model designation, column (2) identifies the line transition, and columns (3) and (4) show the values of (TL/TC)LTE and TL/Tc, respectively. All of the quantities refer to lines of sight through the centers of the model nebulae.
The differences between (TL/TC)LTE and TL/Tc are seen to be fairly small for the (E = lo5)-cases, but for the cases with larger emission measures, the non-LTE line enhancement becomes very important. If one considered only m o d e l s~i t h smooth density distribution (series A), then the enhancement for models with E > lo6 is larger by a factor of about 2 or more than any that is ever observed for an H 11 region with a similarly large emission measure (Dieter 1967; Gardner and McGee 1967; Mezger and Hoglund 1967; Williams 1967; Zuckerman et al. 1967; Gordon and Meeks 1967, 1968; Mezger and Ellis 1968) .
The solution to this dilemma, which has been a strong argument against the applicability of non-LTE effects, is found in the introduction of clumping, as has been done for the B, C, and D series of models. For example, a comparison of clumping effects on the enhancement of the H109a line is presented in Table 4 for the A, B, C, and D series of models. In Table 4 , column (1) identifies the model series, column (2) gives ( N e )~/ (N,),,,,,, and columns (3), (4), and (5) give TJTc for values of E = lo5, lo6, and lo7, respectively. It is obvious from Table 4 that increased clumping decreases the enhancement. Physically this occurs because d(ln b,)/dn usually decreases with increasing density (see Sejnowski and Hjellming 1969) , thus decreasing the enhancement due to non-LTE.
The idea that there is severe clumping in H 11 regions is not new, since it has been extensively discussed in connection with the Orion Nebula. Menon (1961 Menon ( , 1962 Menon ( , 1966 has discussed the comparison of radio data (which determines (N,),,,) and optical data (which essentially measure (N,)E) of Osterbrock and Flather (1959) . From Menon's discussion, the ratio (N,)E/(N,),,, is about 6.7 for the center of Orion. The fact that one must introduce clumping to this degree or greater in all theoretical models with large emission measure, in order to avoid predicting line enhancement considerably in excess of what is ever observed, indicates that any interpretation of line data for real H 11 regions should allow for the possible effects of clumping.
V. ANALYSIS OF LINE AND CONTINUUM DATA
Clearly, the interpretation of observational data on Tc and TL/Tc would be very difficult if one must always use the general formulae discussed in 5 11. For this reason it is important to use theoretical models of H 11 regions to test the validity of analyzing data for an H 11 region as if it were homogeneous in T, and N,. The basic criteria for validity of a method of analysis will be that any temperatures determined from the predicted line strengths should agree roughly with the value of ( T e )~ for the model.
For homogeneous nebulae, equations (1) and (2) can be integrated to obtain
(23) The simplified forms of equation (23) in the optically thin and thick limits are well bnown; the corresponding optically thin and thick limits for TL are:
It can be shown from equation (25) that a line formed in LTE has TL = 0 in the optically thick limit. Thus, (TL/TC)LTE will approach zero as T, approaches zero for any nebula; because of this, (TL/TC)LTE always has a maximum at some temperature, and if one observes TL/Tc for a nebula and interprets it according to LTE theory, there are always two possible solutions for the temperature. In practice one solution will always give a low temperature (Te < 3000" K); therefore, the usual practice of considering only the higher-temperature solutions is equivalent to asserting that one "knows" that the lowtemperature solutions are wrong. Fortunately, this problem does not exist when a non-LTE analysis is used.
The predicted T L / T~ presented in column (4) of Table 3 have been used to derive temperatures from equations (22) and (23) in three ways; these temperatures are compared with the actual value of (Te)z for the model listed in column (8) . First of all, the assumption of LTE line formation was made whereby b, = 1; and equations (22) and (23) were used to derive (TJLTE, which is given in column (5). I t may be noted that for the cases in which E = lo6 the LTE temperatures differ for different lines, but on the average they give results close to the actual (Te)z. I t is seen that (T,)LTE tends to decrease slowly as n increases for the a-lines. For the cases where E > lo6, one finds (Te)LT~ to be significantly less than (Te)z. In some cases either the lines are stronger than possible with an LTE theory or the double-valued nature of the solution is such that discrimination between high-and low-temperature solutions is unreasonable.
Second, a form of non-LTE analysis was used whereby equations (22) and (23) are used in conjunction with b,' s evaluated in the sense b, = b, (Te,(N,),,) .
This corresponds to a non-LTE analysis which neglects all clumping effects; the temperatures obtained in this way are denoted by T', and are listed in column (6) of Table 3 . One notes that for the cases in which E = lo6, the values of TI, for the different lines are much closer to one another and closer to the actual values of (T,)E than was the case for (T,)LTE; however, as E gets larger, the value of TI, begins to exceed considerably (T,)E. This effect is most extreme for the cases where clumping is introduced. Finally, a non-LTE analysis solving for temperatures based upon equations (22) and (23) and setting b, = b,(Te,(Ne)~) was used to obtain the temperatures T, listed in column (7) of Table 3 . I t is seen that in nearly all cases, irrespective of the value of El the temperatures determined from different lines are very similar and are generally no more than a few hundred degrees less than the actual (T,)E for the models. The only exceptions occur when the optical depth becomes large and radiation is "received" from only a part of the nebula. Thus, one would expect the temperatures obtained to differ, since the "averaging" is over a different range of conditions. I t is important to note that, in carrying out the solutions for temperature for the model H 11 regions, we used the known values of E and (N,),,, or (N,)E, which allowed us to solve for the temperature as the only unknown. In analyzing data for real H 11 regions, one may be able to determine E independently (from continuum data), but a value of which should always be greater than (N,),,, could be determined only if one either assumed a value for (N,)E/(N,),,, or insisted that a correct solution for both (N,)E and T, could be obtained by imposing the condition that all radio recombination lines should, within the error limits, infer the same temperature.
V1. CONCLUSIONS
On theoretical grounds it is clear that knowledge of the strengths of radio recombination lines emitted by the same column of matter in an H 11 region should allow one to obtain a unique solution for the average temperature, (T,)E; however, a non-LTE analysis, approximating the nebula as homogeneous, should be used in which the parameter (Ne)8, not (N,),,,,, is used in evaluating the bnls. If this is true for theoretical models about which we have complete knowledge of the structure, then it should also be true for data on real H 11 regions for which we know only the line and continuum intensities. Cases where a unique solution cannot be obtained for all lines (within reasonable error limits) should be explainable in terms of the effects of large optical depths; if this is not possible, non-LTE effects2 and inhomogeneities in the gas should not be blamed for the discrepancy.
Non-LTE effects should certain3 be important in determining the radio emission-line properties of H 1 1 regions with E > lo6; in such H 11 regions, many of which are known not to have extremely large line enhancement, it seems likely that it will be necessary to consider values of (Ne)E which are much larger than (N,),,,, which is equivalent to allowing for a large degree of clumping. Data on the a-, @-, and y-lines in such H 11 regions (e.g., Orion A, M17) are, at the present time, not easily comparable in terms of the theory of this paper because of the isolated fashion in which most of the lines have been measured by different observers using different equipment and different techniques.
Current efforts to carry out simultaneous observations of a-, @-, and y-lines with multichannel receivers covering at Ieast two of the lines for which one wishes to compare intensities will allow one to make a reasonable comparison with theoretical predictions. Finally, it should be noted that the clumping which must be introduced in models with E 5 lo6, in order to avoid excess line enhancement, is so extreme that these models begin to appear more like accumulations of dense, compact clouds in a low-density gas rather than relatively smooth, gaseous distributions. If this is true, the physics of such H 11 regions becomes enormously more complicated.
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